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The o Stable Processes

Let (2, F, (Ft)t>0, P) be afiltered probability space with

F = (Ft)t>0 satisfying the usual conditions. This space
supports a spectrally negative stable process Z = (Z;)>o With
index a € (1,2] and Laplace exponent

®(A) = (cA)*,  A>0, (1)

where ¢ = &| cos(ma/2)|~"/* and & > 0 (see, e.g., Example
46.7 in Sato(1999)).
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The Reflected Stable OU Processes

Consider the following stable Ornstein-Uhlenbeck (OU) process
with reflection:

dX; = —yXedt + dZ; + dLy, Xo=x2>0, (2)

where v > 0, and L = (Lt)¢>o is the regulator (or local time),
which is the magnitude of the minimum displacement that can
keep the process X = (X;):>o always nonnegative. We have
the following properties of L:

(1) Lis RCLL, nondecreasing and Ly = 0;

(2) Forall t >0, Ly = [J 1(x,—0ydLu-
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Literature and background

The first passage problems for the generalized OU (GOU)
processes without reflections have been investigated by many
authors (see, e.g., Hadjiev (1985), Novikov (2004), Patie
(2005), Jakubowski (2007) and Borovkov & Novikov (2008)).

Recently the stochastic processes with reflections have attract
more and more attention both in theory and in their applications
in queueing, insurance and finance.

In this talk, we investigate the first passage problem for the
reflected stable OU processes.
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First passage time

Define the first passage time for the reflected stable OU
process X by

T, =inf{t > 0; X; > y}, (3)

where the hitting level y € (x, c0). Since X is spectrally
negative, it holds that X7, = y.

We will derive the explicit expression for the Laplace transform
of the first passage time T,,.
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Main result

Recall dX; = —yX:dt + dZ; + dL; and the Laplace exponent of
Z, d(\) = (cN)*. We have

Theorem
The Laplace transform of the first passage time T, is given by

HS,(d~"/@c™"x)

o ;o 0<x<y, (4)

[EX |:e_0Ty:| -

_ F(k-+9) -
where d = ()™, and HY(x) = Y32, r((aktn XK with
= [, e Vvt Tdv.
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Sketch of the proof: step 1 of 3

1 Prove that
T, =A"'(7)),
where A~'(t) = dlog(t/d + 1) with d := (ay)~". Here 7
is a random time defined by
8 =inf{t > 0; x + Z — Ly > y(t/d + 1)/},

where Z is an « stable process and L; = infs<;(x + Zs) A 0.
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Sketch of the proof: step 2 of 3

2 Recall the Laplace transform of the first entrance time 7, of
the reflected « stable process into [z, 00) (see, e.g., (3.9) in
Avram, Palmowski & Pistorius (2007))

G(0'/*c™"x)

[EX [eXp(—QTZ)] = m, 9 > O,

where

& Xak
G(X) .;)Ima{k)’ XER.
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Sketch of the proof: step 3 of 3

3 Complete the proof by noting that the Laplace transform of
the first passage time T, can be rewritten as

Ex [exp (—0T,)] = d?M(y; x, d, d),

and using a martingale argument related to the Mellin

transform of the random time rﬂ:

M(y; X, d, 5) = Ex [(r;’ + d)ﬂ , for § > 0.
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Numerical results
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Figure: The Laplace transform with o = 6/5,7/5, 8/5 9/5, 2 (from the
1
2

bottom up). The other parameters are ¢ = \}5, y=1x=41y=
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Numerical results (Cont'd)
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Figure: The density of the first passage time T,. The dashed lines
correspond to stable OU without reflection. The other parameters are
c=1/V2,y=1/4x=1/4y=1/2.
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End of this talk

THANK You!
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